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Second-Order Statistical Properties of the WSS Jakes’ Fading Channel Simulator
Chengshan Xiao, Yahong R. Zheng, and Norman C. Beaulieu, Fellow, IEEE
Abstract—Recently, an improved Jakes’ fading channel simu-
lator was proposed by Pop and Beaulieu to eliminate the station-
arity problem occurring in Jakes’ original design. In this letter,
second-order statistical properties of the improved Jakes’ simu-
lator are analyzed. Consistent with Pop and Beaulieu’s caution
about high-order statistics of the simulator, it is proved that some
second-order statistics of both the quadrature components and the
envelope do not match the desired ones even if the number of sinu-
soids approaches infinity. Therefore, care must be taken when the
simulator is employed to evaluate algorithms and systems.
Index Terms—Fading channel simulator, fading channels,
Rayleigh fading, statistics.
I. INTRODUCTION
MOBILE radio channel simulators are often used in thelaboratory because they allow system tests which are
less expensive and more reproducible than field trials. The well
known mathematical model due to Clarke [2] and its simplified
simulation model due to Jakes [3] have been widely used to sim-
ulate Rayleigh fading channels for about three decades. How-
ever, recognizing that Jakes’ simulator is a deterministic model,
some modifications to Jakes’ simulator were suggested in the
literature [4], [5]. Despite the extensive acceptance and appli-
cation of the simulator, some important limitations of the sim-
ulator were determined and discussed in detail recently [1]. It
was shown in [1] that the Jakes’ simulator is wide-sense nonsta-
tionary. Therefore, an improved simulator was proposed in [1]
to remove the stationarity problem by introducing random phase
shifts in the low-frequency oscillators. However, it was pointed
out in [1] that higher order statistics of this improved simu-
lator, which is called the wide-sense stationary (WSS) Jakes’
simulator in this letter to distinguish it from other deterministic
simulators, may not match the desired ones. In this letter, some
second-order statistical properties of the WSS Jakes’ simulator
are analyzed. The results confirm that the new simulator has the
desired complex envelope autocorrelation as previously detailed
in [1] but does not realize some other second-order statistical
properties. In particular, the autocorrelations and cross-correla-
tions of the quadrature components and the autocorrelation of
the squared envelope do not approach those of Clarke’s model
even as the number of sinusoids approaches infinity.
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II. MATHEMATICAL REFERENCE MODEL
Consider a flat fading channel comprised of propagation





where is the angle of the th incoming wave at the mo-
bile, is the maximum Doppler frequency occurring when
, and is the random initial phase associated with
the th propagation path. For large , the central limit theorem
justifies that and can be approximated as Gaussian
random processes. Assuming that and are mutually inde-
pendent and uniformly distributed over for all , and
adopting Clarke’s 2-D isotropic scattering theory, some de-
sired second-order statistics for fading simulators are given by







III. STATISTICS OF WSS JAKES’ SIMULATOR
The normalized low-pass fading process of the WSS Jakes’




where , , are independent random
variables uniformly distributed over for all , and
(4a)
(4b)
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(4c)
(4d)
We present the second-order statistics of the fading signal
in the following theorems.
Theorem 1: The autocorrelation and cross-correlation func-
tions of the quadrature components, and the autocorrelation
functions of the envelope and the squared envelope of fading







Proof: Equation (5a) is proved first. Since and are
independent when , and all other terms in the sums are
deterministic, one has
Similarly, one can prove (5b)–(5e). The proof of (5f) is different
and is lengthy. An outline omitting some details is
Therefore
Theorem 2: When approaches infinity, the autocorrelation
and cross-correlation functions of the quadrature components,
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Fig. 1. Comparison of autocorrelations of real parts of simulator output and
reference model.
Fig. 2. Comparison of autocorrelations of imaginary parts of simulator output
and reference model.
Proof: Since and ,




Fig. 3. Comparison of cross-correlations of quadrature components of
simulator output and reference model.
Fig. 4. Comparison of the normalized autocorrelations of the squared envelope
of simulator output and reference model.
Using the trigonometric identities
and , with (7) and Theorem 1, one
can verify (6a)–(6e). Then, based on (6a)–(6e) and (5f), one
obtains
Figs. 1–4 show the second-order statistics of the WSS simu-
lator for , and for the reference model. These
results are obtained using Theorems 1 and 2, respectively, for
the former and (2) for the latter. As discussed in [1], the auto-
correlation of the complex envelope approaches the de-
sired autocorrelation and this second-order statistic is
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not shown graphically here. However, it is clear from Figs. 1–4
and from comparing eqns. (5) and (6) with eqns. (2) that the
autocorrelations of the quadrature components, the cross-corre-
lations of the quadrature components and the autocorrelation of
the squared envelope of the WSS simulator do not match the
desired ones. Moreover, even in the limit as the number of si-
nusoids approaches infinity, these particular second-order sta-
tistics fail to match the desired second-order statistics. We have
verified all the theoretical results shown in Figs. 1–4 with sim-
ulations, finding good agreement in all cases.
IV. CONCLUSION
In this letter, some second-order statistical properties of the
improved Jakes’ simulator proposed by Pop and Beaulieu [1]
have been analyzed. Though the autocorrelation of the complex
envelope asymptotically approaches the reference autocorrela-
tion as the number of sinusoids approaches infinity, the autocor-
relations and cross-correlations of the quadrature components,
and the autocorrelation of the squared envelope do not. There-
fore, care must be taken in using the improved Jakes’ simulator
(and the Jakes’ simulator) for evaluating higher-order statistical
properties of systems and algorithms.
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